Abstract. We have proved the following Problem:Let R be a C-affine domain, let T be an element in R \ C and let i : C[T ] ֒→ R be the inclusion. As-
Introduction
The faded conjecture, the Cancellation Problem for Affine Spaces (or the Zariski Problem) is the following:
The Cancellation Problem for Affine Spaces(the Zariski Problem). Let k be a field of characteristic zero and let n ∈ N with (n ≥ 2). If R[Y ] ∼ =k k[X 1 , . . . , X n ] as a k-algebra, where Y, X 1 , . . . , X n are indeterminates, is R ∼ =k k[X 1 , . . . , X n−1 ] ?
We may assume that k = C in the above problem. The answers are affirmative for n = 2 ( [5] ) and n = 3 ( [8] ).
Throughout this paper, all fields, rings and algebras are assumed to be commutative with unity.
Our general reference for unexplained technical terms is [13] .
Notation :
N denotes the set of the natural numbers, R denotes the real number field, C denotes the complex number field, C [n] (n ∈ N) denotes a polynomial ring of n-indeterminates over C, 2010 Mathematics Subject Classification : 13B25 Key words and phrases: The cancellation Problem, polynomial rings and affine domains R
[n] (n ∈ N) denotes a polynomial ring in n-variables over a ring R, R f denotes the localization of a ring R by the powers of f ∈ R.
Let k[X 1 , . . . , X n ] be a polynomial ring over a field k of characteristic zero. Then ∂ Xi denotes the partial derivative by X i in k[X 1 , . . . , X n ].
Let R be an k-algebra. Then a k-linear map satisfying D(ab) = aD(b) + bD(a) for a, b ∈ R is called a k-derivation on R. Furthermore R D := {a ∈ R| D(a) = 0}, which is a k-subalgebra of R. If for every a ∈ R, D r (a) = DD · · · D r (a) = 0 for some r ∈ N, then D is called a locally nilpotent derivation on R. If s ∈ R satisfies D(s) = 1, then we say that D has a slice s. Note that D r is not necessarily a derivation.
The following are easy to see. A. Shastri [12] obtained the following polynomial representation of the trefoil knot by putting f (u) := u 3 −3u, g(u) := u 4 −4u 2 , and h(u) := u 5 −10u and α(u) := (f (u), g(u), h(u)), where α : R → R 3 . It is easy to see that F (f (u), g(u), h(u)) = u, with F (X, Y, Z) := Y Z − X 3 − 5XY + 2Z − 7X. This map α is an embedding and is called Shastri's embedding, which extends to α : C → C [3] . Argo van den Lessen [5, Conjecture 5.1] was inspired by Shastri's embedding, and posed the following conjecture. If this conjecture is affirmative, then "The Cancellation Problem for Affine Spaces(the Zariski Problem)" has a negative solution in the case n = 5.
Conjecture E Let A := C[t, u, x, y, z] denote a polynomial ring, and let f (u), g(u) and h(u) be the polynomials defined above, that is, f (u) := u 3 − 3u, g(u) := u 4 − 4u 2 and h(u) := u 5 − 10u. Let D := f ′ (u)∂ x + g ′ (u)∂ y + h ′ (u)∂ z + t∂ u (which is easily seen to be a locally nilpotent derivation on A). Then A D ∼ =C C [4] .
Since D has a slice s := t −1 (u − F (f (u) − tx, g(u) − ty, h(u) − tz)), and A D ∼ =C A/(s), this conjecture is equivalent to the following conjecture by Lemma 1.1.
Conjecture E' C[t, u, x, y, z]/(s) ∼ =C C [4] .
Since
Conjecture E' is not so easily verified by computations as is seen in Appendix.
There has been another non-settled conjecture which is a special case of DalgachvWeisfeiler Conjecture (see also [10] , [11] ). :
Conjecture F n (cf. [16] ). Let R be a C-affine domain, let T be an element in R \ C and let i :
For n ≤ 3, this conjecture has been established [17] , which depends probably the fact that the automorphism group of a polynomial ring in 2-variables is generated by tame automorphisms. Note that the automorphism group of a polynomial ring in n-variables (n ≥ 3) requires some wild (not tame) generators (see M. Nagata's example).
Our objectives of this paper are to show that Conjecture F n is affirmative and that these Conjectures E and E' have negative answers. That is, we show the following two results:
The Main Result 1 ; the affirmative answer to Conjecture F n . Let R be a C-affine domain, let T be an element in R \ C and let i :
The Main Result 2 ; the negative answer to Conjecture E. Let A := C[t, u, x, y, z] denote a polynomial ring, and let f (u) :
u)∂ z + t∂ u be a derivation on A (which is easily seen to be a locally nilpotent derivation on A). Then A D ∼ =C C [4] . However [9, p.269 ] asserts the KR threefold X above is nonsingular but pr x : X → A 1 C is not smooth. Indeed, the fiber pr In this section, we show that Conjecture F n is affirmative.
By an affine, flat fibration over a scheme S by the affine n-space A n is meant an affine flat morphism X → S of finite type such that for each s ∈ S the fiber above s is isomorphic to A n k(s) over the residue field k(s) of s. Such a fibration is called an A n -bundle over S if X is locally isomorphic to A n S := A n × Z S with respect to the Zariski topology on S.
Some studies on A 1 -fibrations are shown in several articles, for example [10] , [11] .
Especially, when S is an affine normal C-curve, the affirmative answer is given in the case n ≤ 3 as is shown in [10] and [17] .
First we collect the following well-known results required in order to prove the main result 1.
Corollary 2.2. Let R be a ring and R ′ be an R-algebra such that R ′ is faithfully flat over R. Let K(R) (resp. K(R ′ )) be the total quotient ring of R (resp. R ′ ).
Proof. Take a/b ∈ K(R) ∩ IR ′ with a, b ∈ R, where b is not a zero-divisor in R. Then a ∈ bIR ′ ∩ R = bI by by Lemma 2.7. So a/b ∈ I and hence IR ′ ∩ R ⊆ I. The converse inclusion is trivial.
Let A ֒→ B be a ring-extension and let B p with p ∈ Spec(A) denote S −1 B, where S is a multiplicative set A \ p. Proposition 2.3. Let R be a C-affine domain, let T be an element in R \ C and let i :
Proof. It is easy to see that
Remark 2.4. We use the same notations as in Conjecture F n . Since A
for every α ∈ C by Proposition 2.3 and the assumption in Conjecture F n , T − α ∈ C[T ] is a non-zero-divisor on both C[T ] and R, and R/(T − α)R is regular. Hence R is faithfully flat and smooth over C [T ] by [3, Corollaries 6.9 and 6.3 ], R is smooth over C and so R is a regular domain by [9, pp.269-270] . It is easy to see that R is a UFD by Nagata's Theorem [7, Theorem 7 .1] because T is a prime element in R and
Moreover it is easy to see that R × = C × by the assumption in Conjecture F n . (1) A is a Zariski ring, that is, every ideal is closed in A; (2) I ⊆ rad(A); (3) the completion A of A is faithfully flat over A.
Theorem 2.8. Let R be a C-affine domain, let T be an element in R \ C and let i :
R is faithfully flat and smooth over C[T ] and R is a regular UFD. Let
, which is a polynomial ring over C[T ] (over C).
Let A # denote the integral closure of A in K(R). Then A # is a finite A-algebra and hence a C-affine domain, which is well-known. Since R is regular by Remark 2.4,
Note that p is a prime in C[T ] and that T is a prime element both in R and A. It follows that pA and pR are prime, respectively, and both 
by the faithful flatness of A ′ and R ′ over V . We obtain the associated graded rings as follows:
The inclusion A ′ ֒→ A * and the flatness of
by Corollary 2.2 and hence that
We see that A ⊆ R are UFDs on K(A) = K(R), noting that R is a UFD (Remark 2.4). Since A ⊆ R, we have Ht 1 (R)∩A ⊆ Ht 1 (A), where Ht 1 (R)∩A = {P ∩A | P ∈ Ht 1 (R)}. Take a prime element a ∈ A, then aR ⊆ P for some P ∈ Ht 1 (R) because R × = C × by Remark 2.4. It follows that Ht 1 (A) ⊆ Ht 1 (R) ∩ A and consequently, Ht 1 (R) ∩ A = Ht 1 (A). So for each Q ∈ Ht 1 (R), we have A Q∩A ⊆ R Q which are DVRs on K(A) = K(R), and hence A Q∩A = R Q Since Therefore we have
To prove The Main Result 2, we have a special case, Corollary 2.9. Let R be a C-affine domain, let T be an element in R \ C and let i : C[T ] ֒→ R be the inclusion. Assume that R/T R ∼ =C C [4] and that
T . Then R ∼ =C C [4] .
The Main Result 2 ; The negative answer to Conjecture E
In this section, we show that Conjecture E above is negative.
From now on, we use the following notations.
Let A := C[t, u, x, y, z] denote a polynomial ring, and let f (u) :
. Then s(t, u, x, y, z) ∈ A and D(s) = 1 by the easy computation, and hence A = A D [s] is a polynomial ring by Lemma 1.1.
Localizing by powers of t, we have
Namely, by ( * ) we have
Proof. The proof follows from Lemma 3.1 because
[3]
t .
From Corollary 1.2, we have the following Lemma.
Lemma 3.3. Let ϕ( ) denote the same as in Corollary 1.2 (here R = C). We have
for every β ∈ C (which is a polynomial ring over C). Hence R/(u − β)R is C-isomorphic to a polynomial ring C [2] by [8] .
by [11, §3] , [10] .
Now we obtain The Main Result 2 :
Theorem 3.5. Let A := C[t, u, x, y, z] denote a polynomial ring, and let f (u) :
Proof. From Lemma 3.4 and Corollary 3.2, we have a C-isomorphism:
by Theorem 2.8.
Some Conjectures are seen in [5] . Concerning The Main Result 2, we assert the following Remark. Appendix : Concrete Expressions of ϕ(t), ϕ(u), ϕ(x), ϕ(y) and ϕ(z). 
